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ANSWERING TWO OPEN PROBLEMS ON BANKS THEOREM
FOR NON-AUTONOMOUS DYNAMICAL SYSTEMS
XINXING WU AND GUANRONG CHEN
Abstract. This paper shows that (1) there exists a topologically transitive
NADS having two disjoint invariant periodic orbits with dense periodic points,
which is finitely generated but not periodic; (2) there exists a topologically
transitive non-finitely generated NADS having two disjoint invariant periodic
orbits with dense periodic point, which is not sensitive. This answers positively
the Open Problems 4.1 and 4.2 posed in [8, C. Yang, Z. Li, J. Difference Equ.
Appl. 24 (2018), 1777–1782].
Throughout, let N = {1, 2, 3, . . .}, Z+ = {0, 1, 2, . . .}, Z = {. . . ,−1, 0, 1, . . .},
and f1,∞ := {fn}
∞
n=1 be a sequence of continuous self-maps on a metric space
(X, d). For any i, n ∈ N, set f
(n)
i = fi+(n−1) ◦ · · · ◦ fi and f
0
i = idX . Call f1,∞ a
non-autonomous dynamical system (abbrev. NADS) on X and denote the system
by (X, f1,∞). The orbit orb(x, f1,∞) of a point x ∈ X is the set {f
(n)
1 (x) : n ∈ Z
+},
which is the solution of the non-autonomous difference equation{
xn+1 = fn+1(xn),
x0 = x.
In particular, if fn = f for all n ∈ N, then the pair (X, f) is a ‘classical’ au-
tonomous dynamical system (abbrev. ADS).
Definition 1. [3, 5, 7, 8] A NADS (X, f1,∞) is
(1) topologically transitive for each pair non-empty open subsets U, V of X , there
exists n ∈ Z+ such that f
(n)
1 (U) ∩ V 6= ∅;
(2) topologically mixing for each pair non-empty open subsets U, V of X , there
exists N ∈ Z+ such that f
(n)
1 (U) ∩ V 6= ∅ for all n ≥ N ;
(3) sensitive there exists ε > 0 such that, for any x ∈ X and any δ > 0, there
exist y ∈ X with d(x, y) < δ and n ∈ Z+ satisfying d(f
(n)
1 (x), f
(n)
1 (y)) ≥ ε;
(4) finitely generated there exists a finite set F of continuous self-maps on X such
that every fi of f1,∞ belongs to F , i.e., {fi : i ∈ N} is a finite set.
A point x ∈ X is a transitive point of f1,∞ if its orbit orb(x, f1,∞) is dense
in X . The set of all transitive points of f1,∞ is denoted by Trans(f1,∞). When
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Trans(f1,∞) = X , (X, f1,∞) is minimal. A point x ∈ X is called an equicontinuous
point if for any ε > 0, there exists δ > 0 such that whenever y ∈ X satisfies
d(x, y) < δ one has d(f
(n)
1 (x), f
(n)
1 (y)) < ε for all n ∈ Z
+. The set of all equicon-
tinuous points of f1,∞ is denoted by Eq(f1,∞). A topologically transitive NADS
is called almost equicontinuous if there exists at least one equicontinuous point.
The classical Auslander-Yorke dichotomy theorem states that every topologically
transitive compact ADS is sensitive or almost equicontinuous. Recently, we [6,
Theorem 7] extended Auslander-Yorke dichotomy theorem to Hausdorff uniform
spaces.
Definition 2. [5] A point x ∈ X is called a periodic point of (X, f1,∞) if there
exists n ∈ N such that f
(nk)
1 (x) = x for all k ∈ Z
+. The set of all periodic points
of (X, f1,∞) is denoted by Per(f1,∞).
Definition 3. [4, 8] Let (X, f1,∞) be a NADS, x ∈ X , and A ⊂ X .
(1) A is an invariant set for f1,∞ if fi(A) ⊂ A for every fi ∈ f1,∞.
(2) x is an invariant periodic point of f1,∞ if x ∈ Per(f1,∞) and orb(x, f1,∞) is an
invariant set under f1,∞.
Banks et al. [2] proved that every topologically transitive ADS with dense
periodic points is sensitive. Recently, Yang and Li [8] obtained the following
result for generalizing Banks Theorem from ADS to NADS, and posed two Open
Problems.
Theorem 4. [8, Theorem 3.1] Let X be a metric space without isolate points.
Suppose that a finitely generated NADS (X, f1,∞) satisfies the following condi-
tions:
(1) f1,∞ is topologically transitive;
(2) Per(f1,∞) = X ;
(3) there exist two invariant periodic points x, y ∈ X such that orb(x, f1,∞) ∩
orb(y, f1,∞) = ∅.
Then, (X, f1,∞) is sensitive.
Open Problem 5. [8, Open Problem 4.1] Is there any counterexample of a
NADS, which is not finitely generated but satisfies other conditions of Theorem
4, fails to be sensitive?
Open Problem 6. [8, Open Problem 4.2] Is there any example of a NADS, which
is only finitely generated but not periodic, satisfies all the conditions of Theorem
4?
This paper constructs two NADSs (Examples 7 and 9) to answer positively the
above Open Problems 5 and 6.
Example 7. Fix an almost equicontinuous and non-minimal homeomorphism
(X, f) constructed in [1, Theorem 4.2]. For any n ∈ N, take f4n−3 = f4n = f
n and
f4n−2 = f4n−1 = f
−n, i.e., {fn}
+∞
n=1 = {f, f
−1, f−1, f, f 2, f−2, f−2, f 2, . . .} and let
f1,∞ = {fn}
+∞
n=1. Clearly, (X, f1,∞) is a NADS, which is not finitely generated. As
f is topologically transitive, it is easy to show that f1,∞ is topologically transitive.
For any x ∈ X , it can be verified that orb(x, f1,∞) = {f
n(x) : n ∈ Z} and
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(2n)
1 (x) = x for all n ∈ N. This implies that x is an invariant periodic point and
Per(f1,∞) = X .
Fix any z ∈ Trans(f). It can be shown that there exists y ∈ X such that
orb(z, f1,∞) ∩ orb(y, f1,∞) = ∅. In fact, suppose that for any y ∈ X , one has
orb(z, f1,∞) ∩ orb(y, f1,∞) = {f
n(z) : n ∈ Z} ∩ {fn(y) : n ∈ Z} 6= ∅. Then, there
exist n1, n2 ∈ Z such that f
n1(z) = fn2(y), i.e., z = fn2−n1(y), implying that
{fn(y) : n ∈ Z+} = {fn(z) : n ∈ Z+} = X . This means that (X, f) is a minimal
system, which is a contradiction. Thus, condition (3) in Theorem 4 is satisfied.
Applying [1, Corollary 3.7] yields that (X, f−1) is also almost equicontinuous
and Eq(f) = Trans(f) = Trans(f−1) = Eq(f−1). This implies that (X, f1,∞) is
not sensitive.
Remark 8. Example 7 shows that there exists a NADS, which is not finitely
generated but satisfies other conditions of Theorem 4, fails to be sensitive, giving
a positive answer to Open Problem 5.
Example 9. Consider the space Σ = {0, 1}N = {x1x2x3 · · · : xi ∈ {0, 1}, for any i ∈
N}, with the product metric
d(x, y) =
+∞∑
n=1
|xn − yn|
2n
,
for any x = x1x2 · · · , y = y1y2 · · · ∈ Σ. Given any n ∈ N, call w = w1w2 . . . wn ∈
{0, 1}n a word of length n, and write |w| = n. For any two words u = u1u2 · · ·un
and v = v1v2 · · · vm, call uv = u1u2 · · ·unv1v2 · · · vm the concatenation of u and v.
In the same manner, call um the concatenation of m copies of u for an m ∈ N
and u∞ the infinite concatenation of u. Let A = a1a2 · · · an be a word. Denote
A = a1a2 · · · an, and call it the inverse of A, where
ai =
{
0, ai = 1,
1, ai = 0.
Define σ : (Σ, d)→ (Σ, d) by
σ(x0x1x2 · · · ) = x1x2x3 · · · .
Let f0 = σ and f1 = σ
2. Take A0 = 0 ∈ {0, 1}, A1 = A0 = 1 ∈ {0, 1}, and
An = A0A1 · · ·An−1 for all n ≥ 2 and pick ξ = ξ1ξ2ξ3 · · · = A0A1A2 · · ·An · · · ,
which is the classical Thue-Morse sequence. For any i ∈ N, let gi = fξi and
g1,∞ = {gi}
+∞
i=1 . It can be verified that (Σ, g1,∞) is finitely generated but not
periodic.
Claim 1. (Σ, g1,∞) is topologically mixing.
For any nonempty open subsets U, V of Σ, since σ is topologically mixing, it
follows that there exists N ∈ N such that for any n ≥ N , σn(U) ∩ V 6= ∅. This
implies that, for any n ≥ N , g
(n)
1 (U)∩V = fξn ◦ · · · ◦ fξ1(U)∩V 6= ∅; namely, g1,∞
is topologically mixing.
Claim 2. Per(g1,∞) = Σ.
From the construction of ξ, it is clear that ξ1 · · · ξ2|An| = AnAn ∈ {AnAn, AnAn}.
ξ1 · · · ξ|An+1| = AnAnAnAn implies that ξ2|An|+1 · · · ξ4|An| ∈ {AnAn, AnAn}. Then,
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it can be verified that for any n ∈ N, ξ2j|An|+1 · · · ξ2(j+1)|An| ∈ {AnAn, AnAn} for
all j ∈ Z+, by analogy.
For any x = x1x2 · · · ∈ Σ and any δ > 0, take some n ∈ N satisfying
1
2n
< δ
and let η = A∞, where A = x1 · · ·x3|An|. Clearly,
d(x, η) ≤
+∞∑
i=3|An|+1
1
2i
=
1
23|An|
< δ.
From {ξ2j|An|+1 · · · ξ2(j+1)|An| : j ∈ Z
+} ⊂ {AnAn, AnAn}, it follows that for any
k ∈ Z+, one has g
(2k|An|)
1 (η) = f2k|An| ◦ · · · ◦ fξ1(η) = σ
3k|An|(η) = η. Therefore, η
is a periodic point of g1,∞.
Claim 3. There exist two invariant periodic points, x, y ∈ Σ, such that orb(x, g1,∞)∩
orb(y, g1,∞) = ∅.
Take x = 000 · · · and y = 111 · · · ∈ Σ. Clearly, x and y are fixed points of g1,∞
and orb(x, g1,∞) ∩ orb(y, g1,∞) = ∅.
Summing up Claim 1–Claim 3 leads to the conclusion that (Σ, g1,∞) is finitely
generated but not periodic, and satisfies all the conditions of Theorem 4. This
gives a positive answer to Open Problem 6.
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